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The scalar perturbation induced gravitational waves are a probe of the primordial density per-
turbation spectrum on small scales. In this paper, we show that they can also probe the thermal
history of the universe. We assume the universe underwent a stage with a constant equation of
state parameter w, followed by the radiation-dominated stage of the conventional big bang universe.
We find that the infrared slope of the power spectrum of the induced stochastic gravitational wave
background for decelerating cosmologies is related to the equation of state of the universe. Further-
more, the induced gravitational wave spectrum has in general a broken power-law shape around the
scale of reheating. Interestingly, below the threshold w = 0 of the equation of state parameter, the
broken power-law presents a peak for a dirac delta peak in the scalar spectrum. For a finite width
peak, the threshold changes to w = −1/15 depending on the value of the width. In some cases,
such a broken power-law gravitational wave spectrum may degenerate to the spectrum from other
sources like phase transitions or global cosmic strings.
I. INTRODUCTION
The first detection of gravitational waves (GWs) from a binary black hole merger by LIGO [1] opened a new door
to explore cosmology. For instance, there is the possibility that the first detection of GWs came from the merger
of primordial black holes (PBHs) [2, 3], which were formed by the collapse of large primordial fluctuations in the
early universe (e.g. see Ref. [4] for a review). The observational window for gravitational wave cosmology will get
wider as forthcoming ground and space based GWs detectors, such as LISA [5], Taiji [6], Tianqin [7], DECIGO
[8, 9], AION/MAGIS [10], ET [11] and PTA [12–15], will broaden the range of amplitudes and frequencies. For
example, using cosmologists’ notation, LISA and DECIGO might respectively be sensitive down to ΩGW ∼ 10−14 and
ΩGW ∼ 10−16, in the frequency range of 10−5− 10−1 Hz and 10−3− 10 Hz, as illustrated by the power-law integrated
sensitivity curves of Refs. [16, 17].
Importantly, any detection of GWs with a cosmological origin will give access to periods in our universe opaque
to electromagnetic radiation, as GWs essentially propagate freely after their generation. This means that we might
be able to explore the physics of the universe much before big bang nucleosynthesis. Also, from the observations of
the cosmic microwave background (CMB) by Planck [18] we have strong evidence that the initial conditions for the
successful hot big bang cosmology were set by inflation [19–22]. However, little is known about the last stages of the
inflationary period, what followed and how the standard radiation domination was reached. GWs may provide a way
to test these unexplored regimes in the history of the universe.
Sources of cosmological GWs during these periods include phase transitions [23–35], topological defects [36–44],
reheating/preheating after inflation [45–51], axionic resonant instabilities [52], quantum fluctuations during inflation
[53], etc. Due to the homogeneous and isotropic nature of the universe and the large number of sources, cosmological
GWs will appear to the detector as a background noise or, in other words, as an isotropic stochastic gravitational
wave background (SGWB) (see Ref. [54] for a review). This GW spectrum carries information about the mechanism
and time of generation and quite often presents itself as one or two broken power-laws around a characteristic scale
or frequency [55, 56]. For example, the spectrum of GWs generated by a first order phase transition presents two
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2peaks at the scale corresponding to the size of the bubble (for bubble collisions) and the eddy (for sound waves)
[34, 55]. Now, it is important to note that the detection of the SGWB often relies on the power spectrum template
one is looking for in the data [55, 56]. Thus, it is crucial to extensively investigate possible sources in order to classify
differences and degeneracies among models.
In this regard, an important source of cosmological GWs is the so-called scalar induced SGWB [57–63], which
has received a lot of attention recently [64–87], mainly due to that fact that (i) it is always generated given some
primordial density fluctuations, which we know are there from the CMB, and (ii) it is an essential counterpart
of the PBH scenario. The detectability of the induced SGWB depends very much on the amplitude squared of the
primordial density fluctuations since it comes from second order terms in cosmological perturbation theory [62, 63, 88–
91]. However, note that the CMB does not provide any substantial constraint1 on scales smaller than k ∼ 0.2Mpc−1,
which correspond to scales that left the horizon towards the last e-folds of inflation. For these reasons, the induced
SGWB is a probe of the primordial density fluctuations and a way to test the last stages of inflation [70, 92, 94].
Recently, there are claims that the induced SGWB might also be a tool to test the thermal history of the universe.
On one hand, Ref. [82] extended the analytic calculations of the induced SGWB for radiation and matter dominated
universes (respectively with equations of state w = p/ρ = 1/3 and w = 0 where p and ρ are the pressure and energy
density) to general cosmological backgrounds with arbitrary w > 0. There, it was shown that for a perfect fluid the
shape of peak of the spectrum depends on the value of w. In similar lines, Ref. [95] numerically studied the induced
SGWB for w > 0 and showed that there is a substantial impact in the GW spectrum due to the change in the effective
degrees of freedom, specially around the QCD and electroweak phase transition. On the other hand, in a more general
set up, Ref. [96] argued that the infrared side of the GW spectrum has a universal slope given a certain w. Using
their estimate, it was reasoned that for some values of w < 0 the infrared tail of the spectrum might have a red
tilt. This implies that induced GWs generated in certain decelerating cosmological backgrounds might have a GW
spectrum degenerate with other mechanisms. In this paper, we will investigate more carefully this claim by exploring
the generation of induced GWs in cosmological backgrounds with constant deceleration, specially focusing on w < 0.
Cosmologies with a constant equation of state comprise the prototypical case of a perfect fluid and a self-gravitating
scalar fields in an exponential potential [88, 97]. Scalar fields are ubiquitous in cosmology, from the field responsible for
inflation [19–22] (including the standard model Higgs [98]) and dark energy [99] to axions [100] and dilatonic fields,
resulting from dimensional reduction [101]. In particular, exponential potentials typically appear in quintessence
[99, 102] and in scale symmetric models [103]. These two models, the perfect fluid and the scalar field, give equivalent
descriptions of the background expansion but differ at the level of perturbations [88, 89]. On one hand, the speed of
propagation of scalar perturbations, say c2s, in the perfect fluid case is equal to the equation of state of the perfect
fluid, that is c2s = w. On the other hand, the perturbations of a canonical scalar field propagate at the speed of light,
i.e. c2s = 1. Since we will pay particular attention to cosmological backgrounds with w < 0, we will focus on the
canonical scalar field case, as a perfect fluid with c2s < 0 is rather unphysical.
The paper is organized as follows. In section II, we review the cosmology of a canonical scalar field in an exponential
potential. We also derive estimates for the infrared slope of the induced GW spectrum assuming a peaked primordial
density spectrum. In section III we provide detailed analytical calculations of the generation of induced GWs for a
general value of w > −1/3. In section IV we compute the observed induced GW spectrum by matching our solutions
during the scalar field domination to radiation domination. Lastly, section V is dedicated to conclusions and further
discussions on possible degeneracies with existing models of cosmological GWs. Details of the calculations can be
found in the appendices.
II. SCALAR FIELD POWER-LAW COSMOLOGY
A convenient model for our purposes is the so-called power-law model [97], which contains a canonical scalar field
φ in an exponential potential, i.e.
V (φ) = V0 e
−λφ/Mpl , (2.1)
1 The CMB gives a very good constraint on the shape of the primordial spectrum on the largest scales (from wavenumber k ∼ 7·10−4Mpc−1
to k . 0.2Mpc−1). Other constraints on smaller scales come from the current non-observation of PBHs [92, 93].
3where V0 and λ are the free parameters of the model. Then, the total action is given by
S =
∫
d4x
√−g
{
1
2
M2plR−
1
2
gµν∂µφ∂νφ− V (φ)
}
, (2.2)
where gµν is the metric, M2pl = 1/(8piG) and R is the Ricci scalar. Regarding the metric, we will consider that the
universe is well described by a flat Friedman-Lemaˆıtre-Robertson-Walker (FLRW) metric, which in conformal time
reads
ds2 = a2(τ)
(−dτ2 + δijdxidxj) . (2.3)
An exact solution to the Einstein and scalar field equations at the background level is given by
a(τ) = a0
(
τ
τ0
)1+β
, H = a
′
a
=
1 + β
τ
and φ′ = λHMpl where 1 + β = 2
λ2 − 2 , (2.4)
and a prime denotes derivative with respect to conformal time, i.e. ′ ≡ d/dτ . We have chosen this parametrization
such that β = 0 for a radiation dominated-like universe where w = 1/3. This is clear by calculating the equation of
state for the scalar field, which yields
w =
p
ρ
=
1
2φ
′2 − a2V
1
2φ
′2 + a2V
=
1
3
1− β
1 + β
⇒ β = 1− 3w
1 + 3w
. (2.5)
From the scalar field equations, we also have a relation between the parameters that reads
V0τ
2
0 a
2(β+1)
0
M2pl
= (2β + 1) (β + 1) . (2.6)
From now on, we will consider the range ∞ > w > −1/3 which corresponds to −1 < β <∞. It should be noted from
Eq. (2.6) that the range w > 1 (β < −1/2) requires a negative potential V0 < 0. Nevertheless, although this range of
β corresponds to unnatural potentials it is interesting to consider w > 1 as a straightforward mathematical extension.
Also, we will assume that the scalar field domination ends abruptly and the standard radiation dominated universe
is reached at some (re)heating time τrh.
Before we get into the details of the calculations of the induced GWs in Sec. III, it is instructive to study the rough
behavior of the generation of GWs in the flat gauge, where we focus on the scalar field fluctuations. See App. A 2
for the details. In the power-law model, the perturbations of the scalar field δφ behave as a massless field, just like
the tensor modes hij . Thus, the equations of motion of the scalar field perturbations are given by the Klein Gordon
equation for a massless field, namely
δφ′′ + 2Hδφ′ − ∂k∂kδφ = 0 . (2.7)
In Fourier space, we have that δφ is constant on superhorizon scales (k  H) and then oscillates and decays as
δφ ∝ 1/a on subhorizon scales (k  H). Now, if we neglect gravitational interaction, the equations of motion for the
transverse-traceless part of the metric hij at second order are given by
h′′ij + 2Hh′ij − ∂k∂khij ≈M−2pl (∂iδφ∂jδφ)TT , (2.8)
where TT refers to the transverse-traceless component. As a further simplification relevant to our work, we consider
that δφ has a sharp peak at a certain scale k∗. Then the equations of motion for a given k-mode read
h′′ + 2Hh′ + k2h ≈ k
2
∗
M2pl
δφ2(k∗, τ) . (2.9)
First, we see that modes with k > 2k∗ (the frequency of the source term) will not be efficiently generated, simply
by momentum conservation.2 For k < k∗ < H, the tensor modes have a constant source and they grow as h ∝ (k∗τ)2
2 Note that in the perfect fluid case, there is a scale of narrow resonance at k = 2
√
wk∗ as the scalar modes propagate with c2s = w. In
the present case, no narrow resonance occurs.
4until the mode k∗ starts to oscillate after it enters the horizon at (H∗ = k∗). Second, we have that for k < H < k∗,
the source behaves as radiation and the tensor modes evolve as (k∗τ)−2β . Note that for β < 0 (w > 1/3) the tensor
modes grow on superhorizon scales. This is clear by rewriting Eq. (2.9) in terms of the number of e-folds, dN = Hdτ ,
which yields
d2h
dN2
+
1 + 2β
1 + β
dh
dN
+
k2
H2h ≈
k2∗
H2M2pl
δφ2(k∗, N) . (2.10)
We see that since δφ2 ∝ a−2, i.e. it decays as radiation, and the expansion rate goes as H2 ∝ a−2/(1+β), the source
term for k < H < k∗ evolves as a−2β/(1+β). Thus, for β < 0 the expansion rate decays slower than the energy density
of radiation and the source term for k < H < k∗ grows. Therefore, we conclude that the tensor modes right before
they enter the horizon at k = H evolve as
h(k, τ) ∼ constant + (k∗τ)−2β , (2.11)
where we already evaluated the first contribution at k∗τ∗ ∼ 1. Lastly, on subhorizon scales (H < k < k∗) we consider
that the source term is negligible due to the presence of the k2 term, which causes the tensor modes to oscillate and
decay as h ∝ 1/a. Matching at horizon crossing the superhorizon and subhorizon solutions during scalar domination,
we roughly have that inside the horizon before the (re)heating time τrh the tensor modes are given by
h(k∗ > k > krh, τ < τrh) ∝ e
ikτ
(kτ)1+β
(
constant +
(
k∗
k
)−2β)
. (2.12)
We can now compute the spectral tilt of the induced GW spectrum for k∗ > k > krh using Eq. (2.12), where
krh = Hrh corresponds to the last scale that entered the horizon at (re)heating, which leads us to
ΩGW(k∗ > k > krh, τ < τrh) =
k3
12pi2H2 〈|h
′(k, τ)|2〉 ∼ k3(kτ)−2β
(
constant +
(
k
k∗
)2β)2
. (2.13)
Note the factor τ−2β typical of the ratio of the energy density of a radiation-like fluid and the background expansion
[54]. Using the fact that modes with k > krh already propagate as a wave and continue to do so during radiation
domination, we find that the slope of the observed GW spectrum in the power-law model for k > krh is given by
Eq. (2.13) evaluated at τrh, namely
ΩGW(k∗ > k > krh) ∼ k3−2|β| . (2.14)
Moreover, this spectrum has to be supplemented with the GW spectrum generated on superhorizon scales before
reheating, i.e. krh < k. Thus, we can match the superhorizon solution (2.11) to the linear solution during radiation
domination (see App. B for details). In this way, we obtain that
h(k < krh, τ > τrh) ∝ e
ikτ
kτ
. (2.15)
Using this result, we find that for k < krh the observed GW spectrum slope is given by
ΩGW(k < krh) =
k3
12pi2H2 〈|h
′(k, τ)|2〉 ∼ k3 . (2.16)
Note that this estimate agrees with causality arguments [41, 96]. Furthermore, if the power spectrum of scalar
fluctuations is a dirac delta we have to further multiply by k−1 both estimates [96].
Now, we see from Eq. (2.14) and (2.16) that we recover the results for a radiation dominated universe, where
ΩGW ∼ k3 for a finite width peak or ΩGW ∼ k2 for a dirac delta peak. We also notice that for β > 2/3 (w < −1/15)
for a finite width scalar spectrum or β > 1 (w < 0) for a dirac delta scalar spectrum, the spectrum of GWs presents
a peak at the scale of reheating krh. Also we notice a degeneracy within the power-law models for the cases |β| ≤ 1,
that is between w > 1/3 and 1/3 > w > 0.
5III. SCALAR INDUCED GRAVITATIONAL WAVES FOR A PEAKED SPECTRUM
In this section, we present the detailed computations of the induced GWs in the power-law model, recovering the
estimates of Sec. II. Our starting point is a perturbed flat FLRW metric in the poisson gauge, namely
ds2 = a2(τ)
[−(1 + 2Ψ)dτ2 + (δij + 2Φδij + hij) dxidxj] , (3.1)
where hij are the transverse and traceless degrees of freedom, i.e.
δijhij = ∂
ihij = 0 . (3.2)
At linear order in perturbation theory we find that for a power-law scalar field dominated universe the equations
of motion for Φ with a given wavenumber k (See App. A 1 for more details) are given by
Φ′′ + 2HΦ′ + k2Φ = 0 where  = 1− H
′
H2 =
2 + β
1 + β
. (3.3)
The solution that becomes constant on superhorizon scales (k  H) and that matches with the initial conditions set
by inflation reads
Φ(k, τ) = Φp(k) 2
β+3/2Γ[β + 5/2] (kτ)−β−3/2Jβ+3/2(kτ) , (3.4)
where Φp(k) is its primordial value which is related to the conserved curvature perturbation on comoving slices by
Φp(k) =
2 + β
3 + 2β
Rp(k) . (3.5)
Note that the gravitational potential (3.4) evolves exactly as in the case of the perfect fluid but setting the speed of
propagation to c2s = 1. Thus, we should recover the results of Ref. [67] for w = 1/3 and Ref. [82] for w > 0 once the
propagation speed is set to unity.
At second order we have that the scalar modes squared3 source the linear equations of motion of the tensor modes.
For a given wavenumber k and polarization λ, these equations are described by
h′′λ + 2Hh′λ + k2hλ = sλ(k) , (3.6)
where the source term is given by
sλ(k) = 8
∫
d3q
(2pi)3
eijλ (k)qiqj
{
Φ(q)Φ(k− q) + 1 + β
2 + β
[
Φ(q) +
Φ′(q)
H
] [
Φ(k− q) + Φ
′(k− q)
H
]}
, (3.7)
and eijλ is the polarization tensor of GWs, that satisfies δije
ij
λ = kie
ij
λ = 0 and e
ij
λ (k)e
ij
λ′(−k) = δλλ′ . Assuming that
the primordial contribution to the tensor modes is negligible and using the Green’s function method, one finds that
the power spectrum4 of induced GWs per ln k is given by [67, 82]
Ph(k, τ) =
∑
λ
Ph,λ(k, τ) = 8
∫ ∞
0
dv
∫ 1+v
|1−v|
du
[
4v2 − (1 + v2 − u2)2
4uv
]2
PR(kv)PR(ku)I2(u, v, β, x) , (3.9)
where an overline denotes oscillation average, we have introduced three new variables
v ≡ q/k , u ≡ |k− q|/k , x ≡ kτ , (3.10)
3 There are also scalar-tensor and tensor-tensor terms but they are subleading [78].
4 The power spectrum is defined by
〈R(k)R(k′)〉 = 2pi
2
k3
PR(k) δ(k + k′) and 〈hλ(k)hλ(k′)〉 =
2pi2
k3
Ph,λ(k) δ(k + k′) . (3.8)
6and we have defined
I(u, v, β, x) = 21+2βpi
2 + β
3 + 2β
Γ2[β + 3/2](uvx)−β−1/2
{
Yβ+1/2(x)IJ(u, v, β, x)− Jβ+1/2(x)IY (u, v, β, x)
}
, (3.11)
where
IJ,Y (u, v, β, x) ≡
∫ x
0
dx˜ x˜1/2−β
{
Jβ+1/2(x˜)
Yβ+1/2(x˜)
}[
Jβ+1/2(ux˜)Jβ+1/2(vx˜) +
2 + β
1 + β
Jβ+5/2(ux˜)Jβ+5/2(vx˜)
]
. (3.12)
Any analytical attempt of computing the induced SGWB essentially reduces to the calculation of (3.12) in an analytical
way. Fortunately, the integrals can be calculated in the two limiting cases of interest, on subhorizon and superhorizon
scales. For scales comparable to the horizon, one requires numerical methods to study the detailed behavior of the
kernel.
A. Subhorizon approximation
For scales that are deep inside the horizon before reheating we have that x = kτ  1. Thus, as a good first order
approximation we may take the limit of the integrals in (3.12) to infinity. We show in App. E that the correction
to this approximation always decays and it does as x−1−β . Now, the definite integral of three Bessel functions for
β > −1 has an analytical expression first derived in Ref. [104] (also see App. F). In our case, the explicit expression
for the kernel integrals on sub-horizon scales is given by
IJ(u, v, β, x 1) = (uv)β−1/2
(
1− y2)β/2√
2pi
(
P−ββ (y) +
2 + β
1 + β
P−ββ+2(y)
)
+ O(x−1−β) (3.13)
and
IY (u, v, β, x 1) = −4(uv)β−1/2
(
1− y2)β/2
(2pi)
3/2
(
Q−ββ (y) +
2 + β
1 + β
Q−ββ+2(y)
)
+ O(x−1−β) , (3.14)
where P−ββ (y), Q
−β
β (y) are Legendre functions on the cut defined in the range |y| < 1 and we have defined
y ≡ 1− 1− (u− v)
2
2uv
. (3.15)
Using these results, we derive that the oscillation averaged kernel for subhorizon scales before reheating in general
reads
I2(u, v, β, x 1) = x−2(1+β) 21+4β
(
2 + β
3 + 2β
)2
Γ4[β + 3/2](uv)−2
(
1− y2)β
×
{(
P−ββ (y) +
2 + β
1 + β
P−ββ+2(y)
)2
+
4
pi2
(
Q−ββ (y) +
2 + β
1 + β
Q−ββ+2(y)
)2}
. (3.16)
It is important to note that this result is not restricted to a peaked spectrum and in fact it is valid for any type
of primordial spectrum. Also, the resulting averaged kernel squared (3.16) coincides with the results of Ref. [67] for
w = 1/3 (see App. H) and Ref. [82] for w > 0 once we rescaled the formulas of those references so that c2s = 1. In this
work, we generalize their result to negative values of the equation of state.
Before we investigate the kernel on superhorizon scales, it will be useful to investigate the infrared (krh  k  k∗)
behavior of the kernel for a peaked spectrum. In this case, we have from Eqs. (3.10) and (3.15) that u ∼ v  1 and
y ∼ 1. In this limit, we find that the oscillation averaged kernel has two limiting cases as we advanced in Sec. II. On
one hand, for −1 < β < 0 (w > 1/3) and β 6= −1/2 we have that
I2(v  1, β < 0, x 1) ≈ x−2(1+β) 21+2β
(
(2 + β)Γ2[β + 3/2]
sin(βpi)Γ[2 + β]
)2
v−4−4β . (3.17)
7The case of β = −1/2 is presented in App. H but the v dependence is unchanged. On the other hand, we see that for
β > 0 (w < 1/3) the oscillation averaged kernel has a different dependence in v, explicitly
I2(v  1, β > 0, x 1) = x−2(1+β) 2
2β−1
pi
(
(2 + β)(1 + β + β2)Γ[β + 3/2]
β(1 + β)2
)2
v−4 . (3.18)
Note that this difference in the k-dependence of expressions (3.17) and (3.18) comes from the fact that the source
term for tensor modes in Eq. (2.10) grows for β < 0 and yields an additional k4β contribution to the kernel squared.
This is also clear from the second term in Eq. (2.15).
Before ending this subsection, it should be noted that when β ∈ Z, including β = 0, the Legendre functions on the
cut of the second kind present a logarithmic term that diverges in the infrared limit as Q−ββ (y) ∼ ln(1 − y) ∼ ln v2
(see App. G for the details). This will introduce a logarithmic correction to the spectral index of the GW spectrum
in the infrared limit, as was pointed out in Ref. [75] for the radiation domination case, β = 0. In contrast, if β /∈ Z
the logarithmic correction is absent.
B. Superhorizon approximation
The previous approximation is clearly not valid for scales which are superhorizon before reheating with x = kτ  1.
Nevertheless, we can perform another approximation using the fact that for a peaked spectrum u ∼ v  1 and
vx = k∗τ  1 close to reheating.5 To see how this approximation works, we rewrite the integral (3.12) with a change
of variables xˆ = vx˜, which leads us to
IJ,Y (v, v, β, x) = vβ−3/2
∫ vx
0
dxˆ xˆ1/2−β
{
Jβ+1/2(xˆ/v)
Yβ+1/2(xˆ/v)
}[
Jβ+1/2(xˆ)Jβ+1/2(xˆ) +
2 + β
1 + β
Jβ+5/2(xˆ)Jβ+5/2(xˆ)
]
. (3.19)
In this form, we see that (i) the argument of the first Bessel function is always smaller than unity since xˆ/v = x 1
and (ii) the limit of integration is vx 1. Thus, we can expand for small argument the first Bessel function, integrate
and later expand for large vx. Doing so, we obtain that the integral (3.19) for superhorizon scales before reheating is
given for general β by
IJ(v, β, x 1, vx 1) ≈ 2
−β−1/2
Γ[3/2 + β]
3 + 2β
1 + β
vx
pi
v−2 (3.20)
and
IY (v, β, x 1, vx 1) ≈ 2−β−3/2 v
2β−1
piβ(1 + β)
(
(3 + 2β)(1 + β + β2)
(1 + β)Γ[β + 3/2]
− 22β+3Γ[β + 5/2]
pi(1 + 2β)
(vx)−2β
)
. (3.21)
The results for β = −1/2 are presented in the App. D. Also for β = 0 (w = 1/3) only the results of sec. III A are
needed as the universe will continue to be in a radiation dominated stage until all modes of interest are deep inside
the horizon.
It is instructive for later use to expand the kernel (3.11) on superhorizon scales, which yields
I(v, β, x 1, vx 1) ≈ C1,β(k) + C2,β(k)x−2β (3.22)
where
C1,β(k) =
(2 + β)(1 + β + β2)
2β(1 + β)2
v−2 and C2,β(k) = −21+2β (2 + β)
β(1 + β)pi
Γ2[β + 3/2]v−2(1+β) . (3.23)
First, see how we recover the time dependence of tensor modes on superhorizon scales estimated in Eq. (2.11). Second,
in order to compute the observed GW spectrum, we need to follow these superhorizon modes after (re)heating until
they are deep inside the horizon during radiation domination. In the next section we will use Eqs. (3.16) and (3.22)
to derive the observed GW spectrum in the power-law model.
5 The correction term for u 6= v can be computed by expanding around u/v ∼ 1.
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FIG. 1. GW spectral density for a dirac delta power spectrum (4.6) and −1 < β ≤ 0 (w ≥ 1/3). We have used k∗/krh = 102 and
we have divided the spectrum by the enhancement factor (k∗/krh)
−2β for easier comparison between spectra. The reheating
scale is the scale that last crossed the horizon at τrh, i.e. krhτrh = 1 + β. Note that we have chosen the position of the peak
as the position of the crossing between the two approximations Eqs. (4.2) and (4.3). The dashed line indicates where our
subhorizon approximation breaks down, which is roughly for krh > k > krh/(1 +β). Numerical calculations are needed in order
to see the actually behavior of the spectrum.
IV. OBSERVED INDUCED GW SPECTRA AND DEGENERACIES
In Sec. III we have computed the induced tensor modes generated during a scalar field dominated universe for
a peaked spectrum. However, at some point the universe will transition to a radiation dominated universe where
the standard big bang cosmology takes place. Therefore we have to match at reheating our solutions to the linear
solutions of tensor modes during radiation domination.6 In this way, the observed spectrum of GWs per ln k today is
calculated7 by
ΩGW,0h
2 = Ωr,0h
2ΩGW,c , (4.1)
where ΩGW,c is the GW spectrum evaluated at a time when the tensor modes propagate as a wave, i.e. when they are
deep inside the horizon. Note that during radiation domination we have that ΩGW,c is constant since GWs behave
as radiation as well. This means that we have to estimate ΩGW,c from Eqs. (3.16) and (3.22).
On one hand, we have that modes which entered the horizon much before reheating, that is modes with k  krh,
are already propagating as a wave. Thus, we can directly use Eqs. (3.9) and (3.16) evaluated at reheating to find that
the GW spectrum is given by
ΩGW,c(k  krh) = k
2
48H2Ph(k  krh, τ)
∣∣∣∣
τ=τrh
where τrh = (1 + β)/krh . (4.2)
It should be noted that this result is valid roughly up to scales where kτrh ∼ 1. This implies that for β < 0 corrections
already appear in the subhorizon approximation for k > krh at around k ∼ krh/(1+β). This corrections are important
for β ∼ −1 (w  1), e.g. see Fig. 1. Although the exact behavior around the scale of (re)heating should be checked
numerically, we leave this issue for future work.
On the other hand, we match modes which entered the horizon much after reheating, that is modes with k  krh,
as follows. First, note that the only time dependence in the tensor modes power spectrum (3.9) is only through the
kernel (3.11). Second, the kernel for superhorizon scales before reheating (3.22) behaves as the induced tensor mode
6 The source term will not be active after reheating since the scalar modes with k∗ have long decayed.
7 There is an additional factor due to change in the relativistic degrees of freedom [105]. However, we will ignore as it only introduces a
factor O(1).
9in a power-law universe. Therefore, instead of matching the tensor modes we can match the kernels at reheating. In
this way, we find that after matching (see App. B for the details)
ΩGW,c(k  krh) = k
2
48H2P
RD
h (k  krh, τ  τrh) , (4.3)
where
PRDh (k  krh, τ  τrh) =
8
pix2
∫ ∞
0
dv
∫ 1+v
|1−v|
du
[
4v2 − (1 + v2 − u2)2
4uv
]2
PR(kv)PR(ku)
(
C21,RD + C
2
2,RD
)
, (4.4)
and
C1,RD = C1,β + (1− 2β)C2,β(kτrh)1−2β , C2,RD = 2βC2,β(kτrh)−2β , (4.5)
where C1,β and C2,β are given in terms of v and β in Eq. (3.23). Recall that our superhorizon approximation is valid
for kτrh . 1. This means that for β > 0 our approximation breaks down for k < krh at scales close to k ∼ krh/(1 +β).
This corrections will be relevant for β  1 (w ∼ −1/3). For β ∼ O(1) the superhorizon and subhorizon approximation
match quite well at k ∼ krh (see Fig. 2).
In summary, we have derived the observed GW spectrum induced by a peaked density power spectrum during a
scalar field dominated universe with β > −1 (or w > −1/3) and it is given by Eqs. (4.2) and (4.3). It should be
noted that for scales close to the reheating scale k ∼ krh, we expect that there would be small oscillations on top of
our result [106], reflecting the first few oscillations of the tensor modes that entered the horizon just before reheating.
Nevertheless, our estimate should give the right order of magnitude even for k ∼ krh. We will proceed to study the
IR limits for a dirac delta and a finite width primordial scalar power spectrum.
A. IR limit of GW spectrum for a dirac delta scalar spectrum
Let us consider that the primordial spectrum of scalar fluctuations has a infinitely sharp peak at a scale k∗. Explicitly
we assume that it is given by
PR(k) = ARk∗δ(k − k∗) . (4.6)
In this case, we can directly use Eqs. (4.2) and (4.3) and evaluate the integrand at u = v = k/k∗. The resulting GW
spectra for −1 < β ≤ 0 (w ≥ 1/3) and β ≥ 0 (w ≤ 1/3) are respectively shown in Figs. 1 and 2. See how for β > 1
there is a peak around the scale of reheating krh. Also, note how the greater the β the steeper the slope for k > krh.
To have an idea of the slopes of the spectrum in the infrared regime for a dirac delta we expand Eqs. (4.2) and
(4.3) for k  k∗. We respectively find for β < 0
ΩGW,c(β < 0, k  k∗) =
A2R
12pi2
(
21+β(2 + β)Γ2[3/2 + β]
(1 + β)
1+β
)2(
krh
k∗
)2β
23+2β
pi (1 + β)
2β
(
krh
k∗
)2β (
k
k∗
)2
(k . krh)(
pi
sin(βpi)Γ[2 + β]
)2(
k
k∗
)2+2β
(k & krh)
, (4.7)
and for β > 0
ΩGW,c(β > 0, k  k∗) =
A2R
24pi
(
(2 + β)(1 + β + β2)
β (1 + β)
2
)2
(
k
k∗
)2
(k . krh)
1
2
(
21+βΓ[β + 3/2]
(1 + β)
1+β
)2 (
krh
k∗
)2β (
k
k∗
)2−2β
(k & krh)
. (4.8)
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FIG. 2. GW spectral density for a dirac delta power spectrum (4.6) and β ≥ 0 (w ≤ 1/3). We have used k∗/krh = 102 and we
have divided the spectrum by the enhancement factor (k∗/krh)
−2β for easier comparison between spectra. The reheating scale
is the scale that last crossed the horizon at τrh, i.e. krhτrh = 1 + β. Note that we have chosen the position of the peak as the
position of the crossing between the two approximations Eqs. (4.2) and (4.3).
We choose the position of the matching for k . krh and k & krh as the point where the two approximation cross,
which is always of the order of krh/(1 + β). Also note how we recover the predictions for the slopes (2.14) and (2.16)
for a dirac delta scalar spectrum. Therefore, we have shown that the infrared tail of the induced GW spectrum is a
probe of the thermal history of the universe.
Let us look closer at the results (4.7) and (4.8). On one hand we find that for β < 0 the induced GW spectrum has
an enhancement factor (krh/k∗)
2β
due to the relative background expansion and the superhorizon growth of tensor
modes. This is also the reason why the slope of the infrared tail of the spectrum for k > krh goes as k
2+2β instead
of k2−2β . Furthermore, we find that the spectrum for β ∼ −1 gets enhanced by an additional factor (1 + β)−2. See
Fig. 1 for an illustration with three cases, β = {−1/3,−1/2,−9/10}, compared to radiation domination, β = 0. We
conclude that for β < 0 the peak of the spectrum is close to the characteristic scale of the peak in the scalar spectrum
k ∼ k∗.
On the other hand, for β > 0 we see that the induced GW spectrum has a suppression factor only due to the
relative background expansion. Furthermore, the spectrum for β > 1 presents a peak at around the reheating scale
krh. As this case might be degenerate with other mechanisms, we can estimate the peak of the spectrum for β > 1 to
have an amplitude proportional to
ΩpeakGWs,c(β > 1, k∗  k ∼ krh) ≈
A2R
24pi2
(
krh
k∗
)2
. (4.9)
We see that the amplitude of the peak is suppressed by a factor (krh/k∗)
2
independent of β. This means that for
β > 0 the longer the scalar field dominated stage, the smaller the amplitude of the GW spectrum. See Fig. 2 for an
illustration with four cases, β = {1/2, 1, 3/2, 2}, compared to radiation domination, β = 0. It should be noted that
the GW spectrum for w = 0 in the power-law scalar dominated universe is very different from that of a pressureless
perfect fluid as in Refs. [73, 106]. In the present case, GWs are generated due to the time dependence of the scalar
field fluctuations (or the gravitational potentials). In the case of a pressureless perfect fluid, where the gravitational
potential is constant, GWs are created at the transition to radiation domination [73].
Now, if we compare Eqs. (4.7) and (4.8), we find that the tilt of the infrared slope of the spectrum is degenerate
for |β| < 1. However, if we look at Fig. 1 we observe that our approximation for β < 0 breaks down for krh > k >
krh/(1 + β). Thus, we expect that the detailed spectrum in this range would break the degeneracy for |β| < 1. The
reason is that the lower the β the less the oscillations of the tensor modes are damped compared to the background
expansion. Thus, the imprint of the oscillations for the scales close to krh in the spectrum will be larger for β < 0.
Numerical calculations are left for future work.
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FIG. 3. GW spectral density for a finite width peaked power spectrum 4.10 where we have used k∗/krh = 103 and krh
corresponds to the last scale that crossed the horizon at τrh. We have chosen the position of the peak as the position of
the crossing between the two approximations Eqs. (4.2) and (4.3). We respectively plot β = 3/2 (w = −1/15) and β = 2
(w = −1/9) on the left and right figures and we show the spectra for width σ = 0.1krh/k∗, 10krh/k∗, 100krh/k∗ respectively in
orange, blue and green. Interestingly, the spectrum for β = 2 and σ = 100krh/k∗ (right figure green line) is almost degenerate
with the spectrum from first order phase transitions [55]. Lastly, note how the GW spectrum’s k-dependence is increased by
one additional power of k when k < σ k∗.
B. IR limit of GW spectrum for a scalar spectrum with finite width
In a realistic scenario the peak of the scalar spectrum has a finite width. As it was observed in Ref. [96], such
finite width of the peak affects the infrared scaling of the induced GW spectrum. For instance, modes that entered
the Hubble horizon during radiation domination present an infrared scaling of the GW spectral density proportional
to k2 for a dirac delta and k3 for a broad peak. Furthermore, the finiteness of the width introduces a new scale at
which the infrared scale may change. Interestingly, if the dimensionless width of the peak, say σ, is smaller than 1,
the induced GW spectrum will transition from a k3 to a k2 infrared scaling at around k/k∗ ∼ σ. We expect similar
conclusions for a general equation of state. However, as we will see, the presence of the reheating scale krh introduces
richer structure in the GW spectrum.
We assume that the finite width peak of the scalar spectrum is parameterized by a log-normal distribution, that is
PR(k) = AR
(2pi)3/22σk3
exp
[
− ln
2(k/k∗)
2σ2
]
, (4.10)
where σ is the dimensionless width of the peak. GWs induced by a peaked scalar spectrum such as Eq. (4.10) are
studied in detail in Ref. [107]. Here we directly use their result for σ  1 which reads
ΩGW,σ(k) = erf
(
1
σ
sinh−1
k
2k∗
)
ΩGW,δ(k), (4.11)
where erf(x) is the error function and ΩGW,δ(k) is the GW spectrum induced by a δ-function peak given by (4.2) and
(4.3). For a broad peak (σ & 1), the near-peak shape of the induced GWs is also log-normal, with a width of nearly
σ/
√
2, which is a reflection of the secondary nature of the induced GWs. We refer the reader to Ref. [107] for further
details.
Now, let us focus in the sharp peak and infrared limits, i.e. σ  1 and k/k∗  1, where expression (4.12) reduces
to
ΩGW,σ1(k  k∗) ≈ erf
[
k
2k∗σ
]
ΩGW,δ(k  k∗) . (4.12)
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From Eq. (4.12) we see the role of the new scale σ. When σ  k/k∗ we have that erf
[
k
/
(2k∗σ)
] ∼ 1 and we recover
the results for the dirac delta of Sec. IV A. In contrast, for σ  k/k∗ we find that erf
[
k
/
(2k∗σ)
] ∼ k/(2k∗σ) and the
k-dependence of the spectral density changes by one additional power of k. In addition to that, we have two different
possibilities since the GW spectrum from a dirac delta Eqs. (4.2) and (4.3) presents a different infrared scaling for
k > krh and k < krh. First, when σ > krh/k∗ the change in the GW spectrum’s slope occurs for k > krh. This case is
particularly interesting since the transition is from k3−2|β| to k2−2|β| and depends on the equation of state β. Second,
for σ < krh/k∗ the change happens for k < krh and we recover the results of Ref. [96] during radiation domination,
namely from k3 to k2 independently of β. Thus, we conclude that for σ  1 the infrared tail of the induced GW
spectrum goes as
ΩGWs,σ(k  k∗) ∼

k3 (σ k∗ > krh > k)
k3−2|β| (σ k∗ > k > krh)
k2−2|β| (k > σ k∗ > krh)
or ΩGWs,σ(k  k∗) ∼

k3 (krh > σ k∗ > k)
k2 (krh > k > σ k∗)
k2−2|β| (k > krh > σ k∗)
, (4.13)
respectively if σ > krh/k∗ or σ < krh/k∗. These two possibilities are illustrated in Fig. 3 for β = 3/2 (w = −1/15)
and β = 2 (w = −1/9) with three different widths, concretely σ = 0.1 krh/k∗, 10 krh/k∗ and 100 krh/k∗. See how
depending on the value of σ there is a knee in the power spectrum where the slope changes by 1, in addition to the
knee at the scale of reheating.
V. DISCUSSION AND CONCLUSIONS
The possible detection of stochastic gravitational wave backgrounds with cosmic origin by future space based
detectors, e.g. LISA [5], Tiaji [6], Tianqin [7], DECIGO [8, 9], AION/MAGIS [10], ET [11] or PTA [12–15], may yield
crucial information about the physics of the early universe much before the hot big bang. However, the search of
SGWB in the data often relies on the templates of the GW spectrum one is assuming [55, 56]. Thus, it is mandatory
to explore the vast range of possible GW sources in the early universe. In this respect, an interesting candidate is
the so-called induced GWs generated from primordial density fluctuations [62, 63], which is an essential counterpart
to the PBH scenario [4, 93] and a probe of the primordial spectrum on scales smaller than those probed by the CMB
[70, 92, 94].
Recent studies also suggested that the induced GWs could be a probe of the thermal history of the universe
[82, 95, 96]. In particular, the study of the infrared tail of the induced GWs is important for future SGWB searches
with a power-law template [96]. Thus, in this paper we studied concrete examples of the generation of induced GWs
by a primordial density spectrum peaked at a scale k∗ in cosmologies with a constant deceleration, or in other words,
with an equation of state w > −1/3. To do that, we considered a canonical scalar field in an exponential potential,
the so-called power-law model [97]. The main reason for this choice is that the propagation speed of perturbations
for a canonical scalar field is c2s = 1 independently of w, while for a perfect fluid it is given by c
2
s = w and becomes
negative for w < 0.
In Secs.III and IV we have derived analytical formulas for the induced GW spectrum for a general w > −1/3. The
spectrum is given, on one hand, by Eq. (4.2) supplemented by Eqs. (3.9) and (3.16) for k > krh and, on the other
hand, by Eqs. (4.3) and (3.22) for k < krh. These are the main results of this paper. Furthermore, in Secs. IV A and
IV B we have studied the GW spectrum generated by a delta dirac and a finite width peak in the primordial density
power spectrum. In particular, we have focused on the the infrared tail of the GW spectrum, that is for scales far
below the characteristic scale k  k∗. We obtained that the infrared side of the spectrum is given by
ΩGW(k  k∗) ∼
{
k3 (k < krh)
k3−2|β| (k > krh)
, where β =
1− 3w
1 + 3w
, (5.1)
and in the case of a very sharp peak (or dirac delta) in the scalar spectrum the GW spectrum has to be multiplied
by an additional k−1. The parameter β quantifies how much is the background expansion deviates from the radiation
dominated universe with β = 0 (w = 1/3) during the scalar field domination. Note that this factor β generally
appears when comparing the background expansion with general w to that of radiation domination. Interestingly, we
obtained that the infrared spectral index for k > krh is 3 − 2|β| rather than the expected 3 − 2β from the relative
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evolution of the background expansion with respect to the energy density of GWs, which decays as radiation. This
difference is due to a superhorizon growth of tensor modes for β < 0 (w > 1/3) even after the scalar fluctuations have
entered the horizon. Such superhorizon growth comes from the fact that the source term for tensor modes, which is
a scalar field fluctuation squared and decays as radiation, grows for β < 0. We provided analytical approximations
for the infrared GW spectrum in the dirac delta case in Eqs. (4.7) (β < 0) and (4.8) (β > 0). The detailed shape of
the spectrum is illustrated in Figs. 1 and 2. We have also argued that only when β ∈ Z the GW spectral index in the
infrared tail has a logarithmic correction, which includes the radiation domination case (β = 0) discussed in Ref. [75].
Otherwise, for β /∈ Z the logarithmic correction is absent.
In Sec. IV B we studied in more detail the effects of a finite peak width, which constitutes a more realistic scenario
than the dirac delta case. We found that the finiteness of the width introduces a new scale where the GW spectrum
slope changes one additional power of k, yielding richer structure. To study this case analytically, we considered a
log-normal peak with dimensionless width σ  1 (4.10). We obtained that the GW spectrum given by Eq. (4.12),
presents two possibilities. First, if σ < krh/k∗ the change is for scales with k < krh and the spectrum transitions from
k3 to k2 at k ∼ σ k∗. Second and most interesting, if σ > krh/k∗ the slope of the infrared tail changes for scales with
k > krh and goes from k
3−2|β| to k2−2|β at k ∼ σ k∗. This is illustrated by Eq. (4.13) and Fig. 3.
We noted that the induced SGWB presents a degeneracy in the infrared slope for |β| < 1. However, this degeneracy
would be broken by a detailed analysis of the shape of the spectrum around the scale of reheating k ∼ krh, in particular
for β < 0 and scales around krh > k > krh/(1 + β) where our approximations break down (and get worse faster the
smaller the β). Also, we expect that the derived spectrum would present small oscillations on top of our estimate,
imprinting the last few oscillations of scales that entered the horizon right before (re)heating. This means that the
induced GWs power spectrum can be used to test the thermal history of the universe between inflation and the hot
big bang.
Before we conclude our work, it is important to analyze possible degeneracies of the infrared region of the induced
GWs power spectrum with already known sources of cosmological gravitational waves. We present three examples of
degeneracy of power spectra around a characteristic scale ko. First, we see that for β = 2 (w = −1/9) the induced
GW spectrum of a finite width peak resembles the GW spectrum generated by first order phase transitions (or domain
walls), which goes as k2.8 (or k3) for k < ko and k
−1 for k > ko (see Ref. [55] and references therein). Second, we
find a similar shape of the induced GW spectrum for 3/2 > β > 0 to GWs from the Pre-Big-Bang model where the
spectrum roughly goes as k3 for k < ko and k
3−2µ for k > ko where 3/2 > µ > 0 [50, 108] (although see Ref. [109] for
an updated spectrum). Lastly, we see that the induced GW spectrum generated by a dirac delta with 3 > β > 0 is
degenerated with that of short-lived global cosmic strings [41]. Such short-live cosmic strings generate a GW spectrum
proportional to k2 for k < ko and k
γ for k > ko where γ =
2n−16
n−2 and 2n−2 ≥ 6 is the power of the higher dimensional
operators in the potential for the scalar field. However, even in all these cases a closer inspection of the shape of the
spectrum near the peak will break the degeneracy due to the expected oscillations in the induced SGWB. We also
find that the induced GW spectrum has the following distinct signatures: (i) it presents oscillations around the scale
of reheating, (ii) the infrared tilt for k > krh can never be bigger than 3 but (iii) it can be red and infinitely steep.
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Appendix A: Calculations of perturbations
Here we present the necessary equations and formulas to compute the induced spectrum in the Poisson and flat
gauges.
1. Poisson gauge
At first order we have that
Φ = −Ψ (A1)
and that
Φ′′ + (2− η)HΦ′ − ηH2Φ + k2Φ = 0 . (A2)
In the power-law case, this equation is further reduced to
Φ′′ + 2HΦ′ + k2Φ = 0 . (A3)
2. Flat gauge
The energy momentum tensor of the scalar field is given by
Tµν = ∂µφ∂νφ− gµν
(
1
2
∂µφ∂
µφ+ V (φ)
)
. (A4)
The FLRW metric in the flat gauge reads
ds2 = a2(τ)
[−(1 + 2α)dτ2 + 2βidxidt+ (δij + 2hij) dxidxj] . (A5)
We then find that at first order the scalar field fluctuations φ→ φ+ δφ obey
δφ′′ + 2Hδφ′ −∆δφ+ η
2
H2δφ2
(
− 3− η
2
− η
′
Hη
)
= 0 , (A6)
where we have used that
α =
φ′
2Hδφ and ∆β = −
φ′
2Hδφ
′ − a
2
2Hδφ
[
Vφ +
V φ′
H
]
. (A7)
Expanding at second order in perturbation theory one finds that
(2)TTTij = ∂iδφ∂jδφ (A8)
and
(2)GTTij = −∂iα∂jα− 4H∂iα∂jβ − ∂iα′∂jβ − 2∂iα∂jβ′ + ∂k
(
∂kβ∂i∂jβ
)
, (A9)
where the superindex TT refers to transverse-traceless component.
If we specialize to the power-law model, we have that
φ′
2H =
λ
2
,  =
2 + β
1 + β
, η = 0 and ∆β = − φ
′
2Hδφ
′ . (A10)
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Appendix B: Matching to radiation domination
In this appendix we present the formulas used to match the superhorizon solutions during the power-law expansion
and the later radiation domination. First of all, we have that scale factor during radiation domination is given by
aRD(τ) = a0
(
τrh
τ0
)β (
(1 + β)τ − βτrh
τ0
)
, (B1)
and yields that the conformal hubble parameter reads
H = 1 + β
(1 + β)τ − βτrh . (B2)
On one hand, we have that during the scalar field domination we have that the induced tensor modes on superhorizon
scales are given by
hinducedβ (x) = C1,β + C2,βx
−2β . (B3)
On the other hand, we have that during radiation domination the source free solution to the linear tensor modes is
given by
hRD(x) = x
−1/2 (C1,RDJ1/2(x) + C2,RDY1/2(x)) . (B4)
In particular, on superhorizon scales hRD evolves as
hRD(x) = C1,RD + C2,RDx
−1 . (B5)
Now let us assume that there is a sudden transition between the scalar field domination and radiation domination.
Matching the tensor modes and their derivative at reheating we find that
C1,RD = C1,β + (1− 2β)C2,β(kτrh)1−2β and C2,RD = 2βC2,β(kτrh)−2β . (B6)
Appendix C: Bessel functions
We write below useful formulas related to the Bessel functions. First, the asymptotic expansion for small argument
is given by
Jν(x 1) ≈ xν 2
−ν
Γ[1 + ν]
+O(xν+1) , Yν(x 1) ≈ −2
ν
pi
Γ[ν]x−ν +O(x−ν+1) . (C1)
If ν ∈ Z we have that
Yν(x 1) ≈ −2
ν
pi
Γ[ν]x−ν + xν21−ν
γE + ln(x/2)−Hν/2
piΓ[1 + ν]
+O(x−ν+1) , (C2)
where
Hν =
ν∑
n=1
1
n
. (C3)
This formula will only be relevant when ν = 0 as for other values of ν > 0 the second term will be suppressed.
For large arguments we have that the Bessel functions oscillate periodically as
Jν(x 1) ≈
√
2
pix
cos
(
x− νpi
2
− pi
4
)
+O(x−1) , Yν(x 1) ≈
√
2
pix
sin
(
x− νpi
2
− pi
4
)
+O(x−1) . (C4)
Other useful relations between derivative and Bessel functions of similar order are given by
∂xJν (x) = Jν−1 (x)− (ν/x)Jν (x) , (C5)
and
Jν−1 (x) + Jν+1 (x) = (2ν/x)Jν (x) . (C6)
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Appendix D: Formulas for β = −1/2.
In this appendix we present the formulas for the β = −1/2 (w = 1) case. We have to treat this value of β separately
due to the special behavior of the Bessel functions of order 0, specially the Bessel function of the second kind diverges
logarithmically for small argument stead of a power-law. We list below some useful formulas.
The averaged kernel squared on sub-horizon scales goes as
I2(v  1, β = −1/2, x 1) ≈ 9
pixv2
. (D1)
On super horizon scales, the green function involves a logarithm and therefore, we need to treat the integral separately.
Thus we will focus on the kernel directly which is given by
I(u, v, β, x) =
3pi
4
I(u, v, β = −1/2, x) , (D2)
where
I(v, v, β = −1/2, x) = 2
piv2
∫ vx
0
dxˆ ln
(vx
xˆ
)
xˆ [J0(xˆ)J0(xˆ) + 3J2(xˆ)J2(xˆ)] . (D3)
Then, we find that on superhorizon scales the kernel is approximately given by
I(v, β = −1/2, x 1, vx 1) ≈ C1(k) + C2(k)x (D4)
where
C1(k) = −9
2
v−2 and C2(k) =
6
pi
v−1 . (D5)
Lastly, for a dirac delta spectrum we find that on subhorizon scales the GW spectrum is given by
ΩGW,c(β = −1/2, k∗  k  krh) = 3A
2
R
2pi3
(
k∗
krh
)(
k
k∗
)
(D6)
and on superhorizon scales by
ΩGW,c(β = −1/2, k∗  krh  k) = 6A
2
R
pi2
(
k∗
krh
)2(
k
k∗
)2
. (D7)
Appendix E: Correction terms for the sub-horizon approximation
In this appendix we show that the subhorizon approximation used in Sec. III A is indeed value for any value of β.
First, we divide the integral into two parts
IxJ,Y (u, v, β, x) = I∞J,Y (u, v, β) + ∆IxJ,Y (u, v, β, x) (E1)
where
I∞J,Y (u, v, β) ≡
∫ ∞
0
dx˜x˜1/2−β
{
Jβ+1/2(x˜)
Yβ+1/2(x˜)
}[
Jβ+1/2(ux˜)Jβ+1/2(vx˜) +
2 + β
1 + β
Jβ+5/2(ux˜)Jβ+5/2(vx˜)
]
, (E2)
and
∆IJ,Y (u, v, β, x) ≡
∫ x
∞
dx˜x˜1/2−β
{
Jβ+1/2(x˜)
Yβ+1/2(x˜)
}[
Jβ+1/2(ux˜)Jβ+1/2(vx˜) +
2 + β
1 + β
Jβ+5/2(ux˜)Jβ+5/2(vx˜)
]
. (E3)
We can then evaluate the error we are making by computing ∆IJ,Y in the limit of large argument for v ∼ u. In
this way, we find that
∆IJ,Y (u, v, β, x 1) ≈− 3 + 2β
1 + β
(
2
pi
)3/2
(uv)−1/2
∫ x
∞
dx˜x˜−1−β
{
sin (ϕ− x˜)
cos (ϕ− x˜)
}
sin (ϕ− ux˜) sin (ϕ− vx˜) (E4)
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where
ϕ ≡ βpi
2
. (E5)
After integration we find that
∆IJ(v, v, β, x 1) ≈ −1
4
3 + 2β
1 + β
(
2
pi
)3/2
(uv)−1/2x−1−β
(
cos [ϕ− (1− u+ v)x]
1− u+ v +
cos [ϕ− (1 + u− v)x]
1 + u− v
+
cos [ϕ+ (1− u− v)x]
1− u− v +
cos [3ϕ− (1 + u+ v)x]
1− u+ v
)
(E6)
and
∆IY (u, v, β, x 1) ≈ −1
4
3 + 2β
1 + β
(
2
pi
)3/2
(uv)−1/2x−1−β
(
sin [ϕ− (1− u+ v)x]
1− u+ v +
sin [ϕ− (1 + u− v)x]
1 + u− v
+
sin [ϕ+ (1− u− v)x]
1− u− v +
sin [3ϕ− (1 + u+ v)x]
1− u+ v
)
(E7)
We see that in general
∆IJ,Y (v, v, β, x 1) ∝ v−1x−1−β  I∞J,Y (v, v, w) ∝ v−1, v2β−1 . (E8)
Appendix F: Analytic integrals with three Bessel functions
We review here the results of Ref. [104]. They find that for |a− b| < c < a+ b and β > −1∫ ∞
0
dx˜ x˜1/2−β
{
Jβ+1/2(cx˜)
Yβ+1/2(cx˜)
}
Jν+1/2(ax˜)Jν+1/2(bx˜) =
1
pi
√
2
pi
(ab)β−1/2
cβ+1/2
(sinϕ)
β

pi
2
P−βν (cosϕ)
−Q−βν (cosϕ)
 (F1)
where
16∆2 ≡ (c2 − (a− b)2) ((a+ b)2 − c2) , cosϕ = a2 + b2 − c2
2ab
, sinϕ =
2∆
ab
. (F2)
We can use these formulas identifying
c = 1 , a = u , b = v .
In that case the range |u− v| < 1 < u+ v covers all range of interest.
Appendix G: Legendre functions on the cut
The Legendre functions on the cut are defined for |y| < 1 as
Pµν (y) =
(
1 + y
1− y
)µ/2
F
(
ν + 1,−ν; 1− µ; 12 − 12y
)
, (G1)
Qµν (y) =
pi
2 sin (µpi)
{
cos (µpi)
(
1 + y
1− y
)µ/2
F
(
ν + 1,−ν; 1− µ; 12 − 12y
)
(G2)
− Γ (ν + µ+ 1)
Γ (ν − µ+ 1)
(
1− y
1 + y
)µ/2
F
(
ν + 1,−ν; 1 + µ; 12 − 12y
)}
, (G3)
where
F (a, b; c; y) =
1
Γ (c)
F (a, b; c; y) (G4)
and F (a, b; c; y) is the Gauss’s hypergeometric function.
18
1. Integer degree and order
For integer numbers (m,n > 0) we have that{
Pmn (x)
Qmn (x)
}
= (−1)m(1− x2)m/2 d
m
dxm
{
Pn(x)
Qn(x)
}
, (G5)
where
Pn(x) =
(−1)n
2nn!
dn
dxn
(1− x2)n , (G6)
and
Qn(x) =
1
2
Pn(x) ln
(
1 + x
1− x
)
−Wn−1(x) , (G7)
with
Wn−1(x) =
n∑
j=1
1
j
Pj−1(x)Pn−j(x) . (G8)
Furthermore, we use the relation {
P−mn (x)
Q−mn (x)
}
= (−1)mΓ(n−m+ 1)
Γ(n+m+ 1)
{
Pmn (x)
Qmn (x)
}
, (G9)
since in the cases under study we always have P−mn and Q
−m
n with m,n > 0 and n−m > 0.
2. Limiting behavior
We have that for general β (except for β = 0) the Legendre function on the cut of the first kind behave as
P−ββ (y ∼ 1) ∼ P−ββ+2(y ∼ 1) ∼
1
Γ[β + 1]
(
1− y
2
)β/2
. (G10)
First, for β > 0 we have that
Q−ββ (y ∼ 1, β > 0) ∼
Γ[2β + 3]
2Γ[2β + 1]
Q−ββ+2(y ∼ 1, β > 0) ∼
Γ[β]
2Γ[2β + 1]
(
1− y
2
)−β/2
(G11)
and for β < 0 (except β = −1/2)
Q−ββ (y ∼ 1, β < 0) ∼ Q−ββ+2(y ∼ 1, β < 0) ∼ −
1
2
cos(βpi)Γ[−β]
(
1− y
2
)β/2
. (G12)
Appendix H: Kernels for particular cases
We present in this appendix the expression of Legendre functions on the cut for β integers or half-integers in the
range of interest.
a. β = −1/2 (w = 1)
P
1/2
−1/2(y) =
√
2
pi
(1− y2)−1/4 , P1/23/2(y) =
√
2
pi
(1− y2)−1/4 (−1 + 2y2) (H1)
Q
1/2
−1/2(y) = 0 , Q
1/2
3/2(y) = −
√
2piy(1− y2)1/4 (H2)
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b. β = 0 (w = 1/3)
P00(y) = 1 , P
0
2(y) =
1
2
(−1 + 3y2) (H3)
Q00(y) =
1
2
ln
[
1 + y
1− y
]
, Q02(y) =
1
4
(
−6y + (−1 + 3y2) ln
[
1 + y
1− y
])
(H4)
c. β = 1/2 (w = 1/9)
P
−1/2
1/2 (y) =
√
2
pi
(1− y2)1/4 , P−1/25/2 (y) =
1
3
√
2
pi
(1− y2)1/4(−1 + 4y2) (H5)
Q
−1/2
1/2 (y) =
√
pi
2
y
(1− y2)1/4 , Q
−1/2
5/2 (y) =
1
3
√
pi
2
y
(1− y2)1/4 (−3 + 4y
2) (H6)
d. β = 1 (w = 0)
P−11 (y) =
1
2
√
1− y2 , P−13 (y) =
1
8
√
1− y2 (−1 + 5y2) (H7)
Q−11 (y) =
2y + (1− y2) ln
[
1+y
1−y
]
4
√
1− y2 , Q
−1
3 (y) =
−26y + 30y3 − 3(1− 6y2 + 5y4) ln
[
1+y
1−y
]
48
√
1− y2 (H8)
e. β = 2/3 (w = −1/15)
P
−3/2
3/2 (y) =
1
3
√
2
pi
(1− y2)3/4 , P−3/27/2 (y) =
1
15
√
2
pi
(1− y2)3/4 (−1 + 6y2) (H9)
Q
−3/2
3/2 (y) = −
1
6
√
pi
2
y
(−3 + 2y2)
(1− y2)3/4 , Q
−3/2
7/2 (y) = −
1
60
√
pi
2
y
(
15− 40y2 + 24y4)
(1− y2)3/4 (H10)
f. β = 2 (w = −1/9)
P−22 (y) =
1
8
(
1− y2) , P−24 (y) = 148 (1− y2) (−1 + 7y2) (H11)
Q−22 (y) =
y
(
5− 3y2)
24(1− y2) +
1
16
(
1− y2) ln [1 + y
1− y
]
(H12)
Q−24 (y) = −
y
(
81− 190y2 + 105y4)
720(1− y2) −
1
96
(
1− 8y2 + 7y4) ln [1 + y
1− y
]
(H13)
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